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Modeling Fast Electron Dynamics with Real-Time Time-Dependent
Density Functional Theory: Application to Small Molecules and
Chromophores
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ABSTRACT: The response of matter to external ﬁelds forms the basis for a vast wealth of fundamental physical processes ranging
from light harvesting to nanoscale electron transport. Accurately modeling ultrafast electron dynamics in excited systems thus oﬀers
unparalleled insight but requires an inherently nonlinear time-resolved approach. To this end, an eﬃcient and massively parallel realtime real-space time-dependent density functional theory (RT-TDDFT) implementation in NWChem is presented. The
implementation is ﬁrst validated against linear-response TDDFT and experimental results for a series of molecules subjected to
small electric ﬁeld perturbations. Second, nonlinear excitation of green ﬂuorescent protein is studied, which shows a blue-shift in the
spectrum with increasing perturbation, as well as a saturation in absorption. Next, the charge dynamics of optically excited zinc
porphyrin is presented in real time and real space, with relevance to charge injection in photovoltaic devices. Finally, intermolecular
excitation in an adenine-thymine base pair is studied using the BNL range separated functional [Baer, R.; Neuhauser, D. Phys. Rev.
Lett. 2005, 94, No. 043002], demonstrating the utility of a real-time approach in capturing charge transfer processes.

1. INTRODUCTION
The time-dependent response of molecules under external
ﬁelds forms the basis of a host of fundamental physical processes
including light harvesting, photodissociation, electron transport,
and higher harmonic emission. Broadly, radiationmolecule
interactions can be classiﬁed as either weak or strong. When
the interaction with the ﬁeld is much smaller than the intramolecular interactions, the excitation is weak and the ﬁeld induces
only a small perturbation from the ground state. Perturbation
theories such as linear-response time-dependent density functional theory (LR-TDDFT)13 are excellent at modeling weak
excitations and can accurately predict properties such as the
absorption spectra of molecules and materials.4 In the general
case, however, matterradiation interactions require going beyond linear response.
A fundamental understanding of nonlinear excited state
dynamics at the femto- and subfemtosecond time regimes oﬀers
unparalleled insight into unsolved problems such as nonlinear
spectra of single molecules, the nature of photoabsorption and
exciton dynamics in photovoltaic devices, transport through
molecules, and many others. Modeling nonlinear dynamics at
molecular length scales, however, is a challenge requiring a
combination of careful theoretical formulation and considerable
computational eﬀort. Unlike the weak excitation limit, where
frequency domain perturbative approaches suﬃce, the strong
excitation regime involves a complex interplay of electronic and
nuclear dynamics and is best captured with a real-time, real-space
approach. Here, the electron density, and in some cases nuclear
motion, is monitored in time and space, which sheds light directly
on the fundamental mechanisms of the excitation. Moreover,
fully nonlinear (beyond perturbation theory) spectral information is readily obtainable from a real-time simulation via Fourier
transform of time-dependent expectation values, such as the
dipole moment.
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All this comes at a cost, and studying real-time dynamics in
molecules and materials is a daunting task. In particular, evolving
a system in time requires calculating these potentials at every
time step, which is extremely time-consuming. Additionally, care
must be taken in evolving the system in time, and propagators
must strike a balance between accuracy, stability, and speed.
Finally, since excited states tend to be quite delocalized, dynamics simulations typically require the use of larger basis sets
compared to traditional ground state calculations.
Despite the challenges, many successful approaches have been
developed to study real-time electron dynamics in realistic
systems. Within the BornOppenheimer approximation, these
include: direct integration of the Schr€odinger equation for very
small systems (e.g., H2);5 real-time conﬁguration interaction
singles (CIS);6,7 real-time orbital-free/Thomas-Fermi;8,9 realtime, time-dependent density functional theory (RT-TDDFT)
(discussed below); real-time HartreeFock (RT-TDHF);10,11
and time-dependent semiempirical methods (e.g, TD-PM3).12
DFT in particular oﬀers a good trade-oﬀ between accuracy and
eﬃciency for both ground and excited states, which has motivated extensive interest in TDDFT for real-time modeling, of
which we present a representative sampling below.
Real-space (grid-based), time-dependent local density approximation RT-TDDFT, which was ﬁrst developed by Theilhaber,13
and pioneered by Yabana and Bertsch,14 has been applied to
systems ranging from aluminum dimers15 to quantum dots in
magnetic ﬁelds.16 The Octopus17 real-time TDDFT package
derives from this lineage. Real-time TD-LDA using a planewave
basis has similarly been applied to aluminum dimers,18 modeling
enhanced absorption of a nanoshell,19 and conduction through a
molecular junction.20 RT-TDDFT has also been performed with
Received: February 23, 2011
Published: April 19, 2011
1344

dx.doi.org/10.1021/ct200137z | J. Chem. Theory Comput. 2011, 7, 1344–1355

Journal of Chemical Theory and Computation

ARTICLE

numerical orbitals using Siesta,21 applied to atomic clusters22 and
higher harmonic generation in chromophores,23 and extended to
include ionic motion.24 Another approach is to use a tight
binding Hamiltonian for RT-TDDFT,25 for which linear scaling
implementations have been used to study absorption spectra.26
Finally, RT-TDDFT with an atom-centered Gaussian basis has
been used to study molecular conductance,27,28 excited states at
metal surfaces,29 absorption properties of silicon clusters,30 and
double excitations31 and singlettriplet transitions.32
There has also been extensive work in developing schemes
which go beyond the BornOppenheimer approximation to
explicitly treat nuclear motion such as Ehrenfest dynamics,3335
Liouvillevon Neumann molecular dynamics with real-time
tight binding,36 using surface hopping37 to emulate nonadiabatic
switching between adiabatic states,3840 and correlated electron
ion dynamics.41
In this paper, we present a massively parallel RT-TDDFT
implementation in NWChem42 geared towards simulating large
systems while still maintaining generality and ﬂexibility (e.g,
various basis sets and functionals) and use it to explore the linear
and nonlinear response properties of a series of molecules. The
remainder of the paper takes the following form: The overall
methodology is outlined in section 2.1. The structure of the timedependent complex Fock matrix in discussed in section 2.2. The
propagation scheme is detailed in section 2.3, and section 2.4
highlights some of the computation considerations. Next, the
scheme is validated against LR-TDDFT for a few small molecules
in section 3.1. The nonlinear absorption properties of the green
ﬂuorescent protein (GFP) are explored in section 3.2. Real-time,
real-space visualization of resonant excitation in zinc porphyrin is
presented in section 3.3, and ﬁnally, intramolecular charge
transfer excitation in the adeninethymine base pair is studied
in section 3.4 using the BNL range-separated functional.43,44

2. METHODOLOGY
2.1. Overview of Real-Time TDDFT. Time-dependent density
functional theory casts the time-dependent Schr€odinger equation into a fictitious system of noninteracting electrons that
satisfy the effective single particle time-dependent KohnSham
(TDKS) equations with an effective potential vKS(r,t) uniquely
described by the time-dependent charge density F(r,t),1 which in
atomic units is


∂ψi ðr, tÞ
1 2
¼  r þ vKS ½Fðr, tÞ ψi ðtÞ
i
∂t
2


1 2
¼  r þ vext ðr, tÞ þ vH ðr, tÞ þ vXC ½Fðr, tÞ ψi ðtÞ
2

ð1Þ
Here, the charge density is the sum over all orbitals
Fðr, tÞ ¼

occ

∑i jψi ðr, tÞj2

ð2Þ

and vext(r,t) contains the nuclearelectron and applied field
potentials and vH(r,t) is the Hartree (electronelectron) meanfield potential. Note that all potentials are explicit functions of time.
Moreover, the exchange-correlation potential vXC[F](r,t) is nonlocal in both space and time and is formally a functional of the
initial wave functions and the entire history of the charge density
F(r,t). However, all practical implementations use the adiabatic

approximation, which assumes locality in time (see discussion by
Baer45). Real-time TDDFT involves explicitly propagating the
coupled one-particle KS wave functions via eq 1. This is in
contrast to the traditional linear-response approach, which is not
actually a time-resolved method but instead solves eq 1 in the
frequency domain for the excitation energies of a system subject
to a small perturbation;3 there are also real-time linear-response
TDDFT approaches.46,47
In practical applications, the KS molecular orbitals are either
solved in real space (e.g., ﬁnite element approaches) or expanded
in a set of basis functions. In the case of an orthogonal basis (e.g.,
plane waves), time evolution consists of propagating the timedependent coeﬃcients of each of the mutually orthogonal basis
functions. Localized basis functions, on the other hand, oﬀer a
good compromise between speed and ﬂexibility, and in the case
of a Gaussian basis set, they oﬀer the added ability to use hybrid
nonlocal exchange-correlation functionals in a seamless manner.
In a Gaussian basis, it is most natural to use the single particle
reduced density matrix
0

Pμν ¼

NMO

∑i Cμi ðtÞ CiνðtÞ

ð3Þ

where we have introduced the time-dependent molecular orbital
coeﬃcient matrix C(t), which describes the occupations of the
molecular orbitals:
ψi ðr, tÞ ¼

NAO

∑ Cμi ðtÞ φμ ðrÞ

ð4Þ

μ¼1

where {φ(r)} are the atomic orbitals, NAO is the number of
atomic orbitals, and NMO is the number of molecular orbitals.
From here on, we use primes to denote matrices in the molecular
orbital (MO) basis and no primes to denote matrices in the
atomic orbital (AO) basis. In the MO (orthonormal) basis, the
time evolution of the density matrix is governed by the von
Neumann equation
i

∂P0
¼ ½F0 ðtÞ, P0 ðtÞ
∂t

ð5Þ

where F0 (t) is the time-dependent Fock matrix in the MO basis,
which depends on the density matrix at that time. Evolving the
system in time reduces to computing the Fock matrix and
stepping P0 (t) forward using eq 5. For large systems with diﬀuse
basis sets, linear dependencies in the basis become unavoidable;
see Appendix A for a detailed discussion on AOTMO transformations and how to deal with linear dependencies in RTTDDFT.
Unlike ground state DFT calculations where the density matrix
and Fock matrix are purely real (at least in the case of a real basis
set like Gaussians), both become complex quantities in real time
due to the i in eq 5. Moreover, whereas they are symmetric in the
ground state, they must remain Hermitian under time propagation, with the additional constraint that the density matrix remains
idempotent and trace invariant (P0 P0 = P0 , Tr[P0 ] = Ne), where Ne
is the total number of electrons in the system.
This approach for evolving the density matrix in time is
intuitive and easy to implement with a variety of time propagators
(see section 2.3). Moreover, it can be readily extended to use
matrix and current functionals, and phenomenological damping
can be introduced via the oﬀ-diagonal elements of P0 (t) or
through friction functionals.48 The dominant computational
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burden is in computing the Fock matrix F0 (t) at every time step,
which is outlined in the following section.
2.2. Time-Dependent Fock Matrix. The proper choice of
exchange-correlation functional is critical, as the inclusion of
nonlocal exchange has been shown to be essential in a broad
range of cases.4951 LR-TDDFT with global hybrid functionals
(e.g, B3LYP, PBE0, and others) has been highly successful in
predicting excitation energies for a range of systems.4,52 More
recently, range-separated functionals have been shown to capture
charge transfer states successfully.44,5356 As such, we consider a
composite time-dependent complex Fock matrix, which in general contains a blend of DFT exchange-correlation and Hartree
Fock exchange. This can be written in a general way as follows:
Fμν ½PðtÞ ¼

Hcore
μν

explicit time dependence of F0 (t) makes it impossible to evaluate
this propagator directly. Instead, a convenient solution to eq 7 is
given by a Magnus expansion60
Z t þ Δt
T expfi
F0 ðτÞ dτg ¼ eΩ1 þ Ω2 þ :::
ð9Þ
t

where the {Ωi} are a series of nested commutator integrals:
Z t þ Δt
Ω1 ðt þ Δt, tÞ ¼  i
F0 ðτÞ dτ
ð10Þ
t

Z

þ GJμν ½PðtÞ þ RGKμv ½PðtÞ þ βGX-DFT
½Fðr, tÞ
μv

½Fðr, tÞ þ V app ðtÞ
þ γGC-DFT
μν

where μ and ν index the atomic orbitals. Here, Hcore
μν is the timeindependent one-electron part, GJμν(t) is two-electron Coulomb
interaction between the electrons, GKμν(t) is the two-electron
(t) is the DFT exchange part, and GC-DFT
exact exchange, GX-DFT
μν
μν
is the DFT correlation. The R, β, and γ coefficients quantify the
mixing of DFT and HF (exact exchange), e.g., R = 1, β = γ = 0 for
pure HF; R = 0, β = γ = 1 yields for DFT; and intermediate values
for global hybrid functionals. Vapp(t) includes any external
perturbation to the system, such as an applied electric field.
The Coulomb and DFT exchange-correlation contributions
are all purely real symmetric matrices that depend only on the
real part of the density matrix. The exact exchange matrix GKμν(t),
however, is complex Hermitian and depends on both the real and
imaginary parts of P(t); see Appendix B for a derivation and
discussion of these symmetries. As a consequence, the imaginary
part of P(t) only enters into the Fock matrix if there is exact
exchange (i.e., either pure HartreeFock or hybrid functionals),
and despite the complex phase introduced into the density matrix
via eq 5, the Fock matrix remains purely real in pure DFT
calculations.
2.3. Magnus Propagator. The final component of the realtime scheme involves integrating eq 5 to get the time-dependent
density matrix. Nonsymplectic integrators, such as Euler or
RungeKutta methods, are unsuitable for large scale simulations
as they become increasingly unstable with increased simulation
size and require a very small time step to maintain the idempotency constraint of the density matrix. A better choice for von
Neumann dynamics is the Magnus expansion, which steps P0
forward in time using a unitary propagator which conserves the
indempotency. We briefly summarize the method below, without
derivation. For a general overview of time propagation schemes,
see the review by Kosloff.57 For additional details concerning
propagators for the time-dependent KohnSham equations, see
refs 58 and 36 and also the excellent discussion by Castro and coworkers.59
The exact unitary propagator for eq 5 is given by
Z t þ Δt
F0 ðτÞ dτg
ð7Þ
Uðt þ Δt, tÞ ¼ T expfi
t

such that
P0 ðt þ ΔtÞ ¼ Uðt þ Δt, tÞ P0 ðtÞ U† ðt þ Δt, tÞ

dτ1

τ1

½F0 ðτ2 Þ, F0 ðτ2 Þ

ð11Þ

t

t

ð6Þ

Z

t þ Δt

Ω2 ðt þ Δt, tÞ ¼  i

l

ð12Þ

The resulting approximation is valid to order Δt2M, where M is
the number of Magnus terms. The integrals in eq 10 can be
evaluated using quadrature. For example, for M = 1, we have
Uðt þ Δt, tÞ = eΩ1

ð13Þ

Ω1 =  iF0 ðt þ Δt=2Þ

ð14Þ

The results presented here all used a M = 1 Magnus expansion;
increasing to M = 2 would allow larger time steps, at the cost of
more Fock builds per time step.
The main diﬃculty in using a Magnus scheme arises from the
fact that the propagation (e.g., eq 14) requires knowledge of the
Fock matrix at a future time, which is unknown. In the case of a
second order (M = 1) Magnus propagator, the obvious solution
is to form a guess for F0 (tþΔt/2) from a linear extrapolation of F0
at previous times. Unfortunately, crude predictors such as this
inevitably fail for larger time steps. The most accurate method is
to extrapolate F0 , propagate P0 forward, interpolate to ﬁnd a
better F0 , and repeat until converged. This approach is costly,
however, as you must rebuild the Fock matrix every convergence
step. Instead, we adopted a two step predictorcorrector scheme
proposed by Van Voorhis and co-workers,27 whereby you predict
F0 (tþΔt/4) by linear extrapolation from previous values and use
this to step P0 forward by Δt/2 using eq 7. Overall, the
predictorcorrector scheme was found to be suﬃciently accurate and stable for a wide variety of systems. Predictor schemes
such as this, however, fail to conserve the time-reversibility of
eq 5. One alternate approach is the modiﬁed midpoint unitary
transformation (MMUT) method developed by Li and coworkers;11 the MMUT approach will be implemented in the
future.
Finally, the exponentiation of the Ω matrices can be performed using a range of methods such as diagonalization, power
series, Lanczos, etc. Note, however, that U† = U1 (unitary), so
eq 7 is of the form
P0 ðt þ ΔtÞ ¼ eW P0 ðtÞ eW

ð15Þ

where W(tþΔt,t) = Ω1(tþΔt,t) þ Ω2(tþΔt,t) þ ... Thus, we
can apply the BakerCampbellHausdorﬀ (BCH) formula
P0 ðt þ ΔtÞ ¼ P0 þ

ð8Þ

1
1
½W, P0 ðtÞ þ ½W, ½W, P0 ðtÞ
1!
2!

1
þ ½W, ½W, ½W, P0 ðtÞ þ :::
3!

where T is the time-ordering operator which orders operators
from those associated with later times to earlier times. The
1346
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For clarity, we have dropped the explicit time dependence of the
W(tþΔt,t) matrix. The BCH expansion converges much better
than a simple power series expansion, and the primary advantage
of the BCH expansion over diagonalization is that eq 16 consists
entirely of matrix multiplications, which are operations that
parallelize extremely well. Although diagonalization formally
scales as O(N3) and is thus more eﬃcient than a series of matrix
multiplications (each of which takes exactly N3 eﬀort in the
absence of sparsity), in practical applications, diagonalization is
hard to parallelize well. Due to ineﬃciencies, diagonalization
becomes a serious bottleneck in quantum chemistry simulations
run on more than a few hundred processors, and thus for largescale simulations, diagonalization-free approaches are better
suited (see ref 61 and references therein). In practice, it usually
took on the order of tens of terms to converge the BCH expansion to 108 accuracy.
2.4. Computational Considerations. Accurate electron dynamics simulations of realistic systems can easily involve thousands of electrons and basis functions, propagated for long times.
Clearly, an efficient implementation is necessary to make such
simulations feasible. Since the vast majority of the computational
work comes from building the Fock matrix at each time step,
effort should be taken to either increase Δt or speed up construction of the Fock matrix.
Higher order Magnus propagators allow for larger time steps,
for example, but require added Fock builds at each step; in
practice, however, this is a system-speciﬁc trade-oﬀ. On the other
hand, the Fock matrix construction can be sped up by using
smaller basis sets or pure DFT functionals (e.g., ALDA), in
conjunction with approaches such as charge density ﬁtting.62
Semiempirical Hamiltonians are also an alternative12 but need to
be properly parametrized and carefully validated.
The von Neumann dynamics approach as formulated is
straightforward to implement in any quantum chemistry suite,
as it can be built on fundamental routines. Constructing the timedependent Fock matrix (eq 6) is akin to the building the ground
state F in standard SCF (self-consistent ﬁeld) schemes, save for
the imaginary part due to exact exchange. Provided parallelization bottlenecks like diagonalization are avoided (as in the BCH
exponentiation approach), RT-TDDFT will scale as well as
standard Gaussian orbital-based SCF DFT with no loss of
generality. We have implemented this approach, in NWChem
which allows us to take advantage of the eﬃcient parallelization
capabilities oﬀered by the code. This in turn allows us to tackle
large systems with a high level of accuracy.

3. RESULTS
In this section, we ﬁrst validate the real-time TDDFT approach against linear response TDDFT for series of small
molecules, then move on to study the response of two chromophores to weak and strong perturbations, and ﬁnally study charge
transfer across a DNA base pair using a long-range corrected, or
range-separated, functional. Throughout, we mostly use atomic
units (au), but for convenience we also present values in more
customary units: 1 au length = 0.5292 Å; 1 au energy = 27.21 eV;
1 au time = 0.02419 fs; 1 au dipole moment = 2.542 D; 1 au
electric ﬁeld = 514.2 V/nm. Unless noted otherwise, all basis sets
used in this study were obtained from the EMSL Basis Set
Exchange.63
3.1. Validation on Small Molecules. To validate that the RTTDDFT approach correctly reduces to linear response in the
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small perturbation limit, we studied the lowest excitation energies of various molecules and compared the results to standard
LR-TDDFT and experimental results. An optical absorption
spectrum can be obtained from a real-time simulation via Fourier
transform of the time-dependent dipole moment resulting from a
small δ-function-like electric field “kick”. Starting from the
ground state, we perturb the system with a narrow, transient,
linearly polarized uniform Gaussian electric field:
EðtÞ ¼ k exp½ðt  t0 Þ2 =2w2 d^

ð17Þ

where t0 is the center of pulse, w is the pulse width (typically a few
time steps), which has dimensions of time, d^ = ^x, ^y, ^z is the
polarization of the pulse, and κ is the maximum field strength
(dimensions of electric field). Note that the total energy added is
therefore dependent on the time step Δt and the pulse width w;
alternatively a normalized pulse can be used. The applied field
excites the system through a dipole coupling term added to the
Fock matrix (in the AO basis)
V app
μv ðtÞ ¼  Dμv 3 EðtÞ

ð18Þ

where D is the transition dipole tensor of the system, e.g,
Z

Dxμv ¼
φμ ðrÞ xφν ðrÞ dr
ð19Þ
A Gaussian-type electric field was chosen instead of a δ-function
to avoid introducing nonphysical artifacts or instabilities due to a
sudden change in potential. Despite the finite width, the pulse
essentially excites all electronic frequencies simultaneously, save
perhaps very high frequencies. The system is allowed to evolve in
time, and the dipole moment is computed in the AO basis
according to
μðtÞ ¼ Tr½DPðtÞ

ð20Þ

Likewise, the time-dependent occupation of the kth molecular
orbital is computed by projecting the density matrix onto the
ground state orbitals
0

0

nk ðtÞ ¼ Ck† P0 ðtÞ Ck0

ð21Þ

C0k

where is the kth eigenvector of the ground state Fock matrix.
To get the absorption spectrum from RT-TDDFT, a simulation
is performed for each polarization of kick (symmetries in the
system may alleviate this need), and the complex polarizability
tensor is constructed from the Fourier transforms of the dipole
signals
1
~ d, j ðωÞ
ð22Þ
μ
k
where d is the index for the kick direction and j is the index for the
measurement direction. The absorption cross-section tensor is
obtained from R(ω) via
Rd, j ðωÞ ¼

σðωÞ ¼

4πω
Im½RðωÞ
c

ð23Þ

and finally the dipole strength function (absorption spectrum) is
1
SðωÞ ¼ Tr½σðωÞ
ð24Þ
3
Figure 1 shows real-time data for benzene described using the
6-31G* basis set, subjected to a small x kick with κ = 2  105 au =
10 mV/nm, w = 0.2 au = 4.8  103 fs, and t0 = 3 au = 0.07 fs.
Before perturbing the system, the nuclear geometry was optimized
1347
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Figure 1. Real-time (RT) results for benzene in the perturbation limit, described using the 6-31G* basis and LDA (top) and B3LYP (bottom)
functionals. The left panel shows the x dipole moment after a narrow Gaussian electric ﬁeld kick. The resulting absorption spectra are shown on the right
(solid lines), with the corresponding linear-response (LR) spectra shown for comparison (ﬁne dashed lines). The peaks were artiﬁcially broadened and
normalized (see text).

using the same basis and functional, and the ground state density
converged via standard DFT. The narrow electric ﬁeld pulse
simultaneously excites all electronic modes, and the full dipole
response (left panel) shows essentially dipolar oscillations composed of multiple frequencies.
A time step of Δt = 0.5 au = 0.012 fs was used, and the system was
evolved for 1000 au = 24 fs. Two functionals were used, LDA and
B3LYP, which yielded qualitatively similar results. For speed, in the
LDA case, the Coulomb part of the Fock matrix was evaluated using
charge density ﬁtting instead of the explicit two-electron integrals;62
this signiﬁcantly reduced the computational cost. We checked that
the charge density ﬁtting approach yielded very similar results to
explicit calculation of the Coulomb integrals. As an additional check,
we conﬁrmed that after the pulse had passed, the total system energy
remained constant over time. The resulting absorption spectra are
shown in the right panel, where the peaks have been broadened by
artiﬁcially damping the time signal by et/τ, τ = 250 au = 6 fs before
taking the Fourier transform.
To validate these results, the corresponding linear response
TDDFT spectra were compared with those obtained using the
linear response TDDFT module in NWChem. The dashed lines
show the LR spectrum, artiﬁcially broadened with Lorenzians of
width 0.01 au = 0.3 eV. Additionally, both RT and LR spectra
were normalized for clarity. The two spectra are essentially
identical. For each of the ﬁnite LR signals (100 total roots
computed for each simulation yielding six signals with appreciable oscillator strength), the RT signal agrees perfectly. Since the
RT result eﬀectively samples all excitations, rather than a ﬁnite
number of roots as in LR, the RT spectra contain higher
frequency signals beyond those computed in the LR simulation.
As an aside, the spectral resolution of the RT approach is
limited by the time step; i.e., if a molecule has a spectral
bandwidth of ωmax, the maximum time step is Δtmax = π/ωmax.
As an extreme example, to resolve the spectrum of a molecule
with a maximum excitation frequency of 2 au (54 eV), one
requires a time step of Δt = 1.57 au = 0.034 fs, or smaller. In

practice, however, the time step is limited by the stability of the
propagator (e.g, Magnus) rather than the bandwidth.
As further validation, a similar analysis was conducted for a
range of small molecules, basis sets, and functionals, using the
same kick parameters as described above. As before, geometry
optimizations and convergence of the ground state densities were
performed using the same basis and functionals as each of the
real-time simulations. Table 1 shows a comparison between the
linear-response, real-time, and gas-phase experimental lowest
excitation energies for dihydrogen, methane, carbon monoxide,
and benzene. Overall, there is excellent agreement between the
linear-response (LR) and real-time (RT) values, as well as with
experimental results. At worst, the RT energy deviated from the
LR result by ∼1% and from the experimental one by ∼10%, with
agreement generally improving with size of the basis set.
We note that a RT-TDDFT kick-type simulation yields the full
electronic spectrum, up to the cutoﬀ energy due to the ﬁnite time
step. Thus, unlike a LR-TDDFT approach which requires a large
number of roots or a windowed solver to compute higher energy
transitions, a kick approach yields all roots in one single simulation, or at most three simulations (x, y, z kicks) in the absence of
symmetries. Indeed, if one is interested in computing many
excitation energies for a very large system, the RT approach is
actually more eﬃcient than a LR approach, which requires
= O(N4) eﬀort for each root.64 The one caveat is that, as
formulated, a RT-TDDFT simulation can only probe excitations
with a nonzero oscillator strength and thus cannot be eﬀectively
used to study “dark” excitations, which are typically measured
experimentally via emission.
3.2. Linear and Nonlinear Excitation of Green Fluorescent
Protein. Green fluorescent protein (GFP), which is responsible
for the bioluminescence of some species of jellyfish, is nearly
ubiquitous in biotechnology, with technological applications
ranging from visualizing tagged proteins using fluorescence
microscopy to developing transgenic fluorescent organisms.65
Depending on the variant, GFP absorbs light in the blue or
1348
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Table 1. Comparison of Real-Time (RT) TDDFT, Linear Response (LR) TDDFT, and Experimental Lowest Excitation Energies
(in eV) for a Selection of Molecules, Basis Sets, and Exchange-Correlation Functionals
6-311G/LDA

6-311G/B3LYP

cc-pVTZ/LDA

cc-pVTZ/B3LYP

LR

RT

LR

RT

LR

RT

LR

RT

expt
11.19

H2

12.52

12.49

13.09

13.12

12.32

12.31

12.88

12.90

CH4

10.67

10.67

11.10

11.13

10.29
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Figure 2. Structures of the molecules studied.

ultraviolet and fluoresces in the green. The actual GFP chromophore, which is a small molecule embedded in the larger overall
protein, has a strong absorption due to a single excitation, which
makes it an ideal candidate for TDDFT studies. The particular
chromophore variant we studied (see Figure 2) has an intense
experimental absorption at 3.51 eV, which corresponds to
354 nm light.66 In the weak-field regime, linear response TDDFT
calculations (3.32 eV B3LYP/POL1) agree well with both
coupled cluster (3.60 eV CR-EOMCCSD(T)/POL1) and the experimental values for the absorption (see ref 67). Modeling the
full response of GFP to strong fields beyond the weak perturbation limit, however, requires a real-time approach, and in this
section, we use RT-TDDFT to study the nonlinear excitation of
GFP subject to a range of perturbations.
To explore the nonlinear absorption properties, we subjected
the GFP chromophore to a series of kicks (as in section 3.1) with
ﬁeld maximum κ ranging from 8  104 au = 0.41 V/nm (weak
perturbation) to 0.24 au = 123 V/nm (strong perturbation).
These narrow pulses (w = 4.8  103 fs) are nonphysical ﬁelds
that simultaneously excite all electronic modes; this results in a
nonphysical dipole moment which is a convolution of all excitations. Correspondingly, these simulations describe the immediate absorption properties of the molecule (i.e., how the light is
absorbed and excites the density), and although the larger values
of κ correspond to extremely strong electric ﬁelds, these simulations do not capture photoionization, which is diﬃcult to
describe using TDDFT in an atom-centered basis. Estimating
ionization probabilities over a range of frequencies from a single
kick-type nonphysical excitation is not straightforward, as the
energy is distributed among all electrons in the system (i.e., core
to valence); this will be quantiﬁed in future studies.
To ensure that there were suﬃcient basis functions to capture
the diﬀuse excited states for the highly excited cases, we used the
POL1 basis set.68 In total, there were 114 electrons and 492 basis
functions. To rule out unphysical conﬁnement of the charge
density due to the ﬁnite basis, we also tried using the smaller

6-31G* basis set; the results were essentially identical. We used
the B3LYP exchange-correlation functional for this study. To
ensure we start at an energy minimum, we used the same basis set
and functional for geometry optimization and ground state
density convergence before starting the time-dependent simulation. The density matrix was propagated for 1300 au = 31 fs with a
time step of Δt = 0.1 au = 0.0024 fs.
Figure 3 shows the dipole moment and absorption spectrum
(artiﬁcially broadened via damping by et/τ; τ = 400 au = 9.7 fs)
for this range of perturbations. For illustrative purposes, relative
values are presented—the dipole moment is scaled by the kick
height such that any results in the weak excitation regime will be
identical. Alternatively, in the linear response regime, if you
double the kick, the dipole moment will double; this does not
hold true in the strong excitation regime, which provides a simple
graphical indicator of nonlinearity.
Once the perturbation is strong enough (i.e., κ J 40 V/nm
in Figure 3), two interesting eﬀects emerge. First, the scaled
responses (heights of the dipole moment and absorption
peaks) decrease in magnitude; this is a saturation eﬀect.
Physically, once one goes beyond linear response, the highly
excited molecule cannot absorb subsequent radiation, and the
absorption, which is due to a single excitation, saturates.
Nonlinear saturation eﬀects like this, which are neglected by
linear response, are critical for realistic modeling of spectroscopy under intense ﬁelds and transport in nanosystems where
LR transport calculations tend to drastically overestimate
certain eﬀects.
Second, in the nonlinear regime, higher frequency signals begin
to dominate. The inset in the left panel of Figure 3 shows how in the
strong perturbation regime the time signal is no longer dominated
by the main slow (low frequency) excitation, but instead by higher
frequency modes. The corresponding spectrum shows how the
absorption is likewise spread out over a wider range of frequencies.
Moreover, in the nonlinear regime, the secondary absorption
around 6.8 eV is increasingly blue-shifted with stronger ﬁelds.
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Figure 3. The dipole moment (left) and spectrum (right) of the green ﬂuorescent protein chromophore subjected to a series of kicks ranging from the
weak to the highly nonlinear regimes. For comparison, the values are scaled by the kick strength and the spectrum plot also shows the corresponding
linear response TDDFT roots. In the nonlinear regime (κ J 40 V/nm), the molecule’s excitation is saturated, and higher frequency signal modes begin
to dominate the time-resolved dipole moment. The strength of the main absorption in the spectrum decreases with nonlinearity, and the secondary
higher energy absorption is increasingly blue-shifted.

Figure 4. Isosurface snapshots of the diﬀerence between the excited and ground state charge densities, F(r,t)  F(r,0) = 7  107 Å3, for zinc
porphyrin described using B3LYP and 6-31G* for H, C, and N and the Stuttgart RSC 1997 eﬀective core potential for Zn. The system was excited at its
resonance of 3.53 eV (see bottom inset spectrum) with a transient x-polarized laser pulse (top inset), resulting in charge oscillation back and forth along
the molecule’s conjugated π backbone, with each complete oscillation taking ∼1.2 fs. The charge density was plotted using Blender.75

A simple physical interpretation is that the highly displaced charge
density experiences a nonlinear restoring force which is stronger
than in the linear regime, just like a highly displaced spring.
3.3. Resonant Excitation of Zinc Porphyrin. Porphyrin
forms the structural basis for the various chlorophyll molecules
and has been exploited as the functional unit in light harvesting
systems.69,70 The absorption properties of zinc and free-base
porphyrin have been studied extensively using LR-TDDFT
and coupled cluster theory,54,67,71 but from a photovoltaic
device point of view, the mechanism of charge injection (i.e.,
from the light harvesting porphyrin into a nearby substrate)
has many unanswered questions. RT-TDDFT is an excellent
tool to probe these charge dynamics in real time and real space.

As a ﬁrst step in this direction, we model the response of zinc
porphyrin (Figure 2) to a transient laser pulse tuned to its
strongest absorption. We used B3LYP for the exchange correlation; for the basis set, we used 6-31G* for the hydrogen, carbon,
and nitrogen atoms and the Stuttgart RSC 1997 eﬀective core
potential (ECP) for the zinc center, which replaces 10 of the Zn
electrons. Since optical absorption does not typically involve core
electrons, ECPs oﬀer a simple way to boost the speed of real-time
calculations without a loss of accuracy; we conﬁrmed that the use
of an ECP in this case did not alter the results. The total
propagation time was 1500 au = 36 fs with a time step of Δt =
0.1 au = 0.0024 fs, which was chosen to ensure a smooth density
animation rather than being limited by the propagator.
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Figure 5. Snapshots of F(r,t)  F(r,0) = 107 Å3 for the adenine (A, left molecule)/thymine (T, right molecule) base pair excited at the 6.36 eV
resonance, corresponding to an intermolecular charge transfer state. The snapshots correspond to times long after the transient laser pulse has passed,
leaving the system in an excited state. Initially, both molecules are polarized in the þx direction, and there is an excess of charge on T. Next, charge is
transferred A r T via the NH2 3 3 3 OdC bridge, resulting in a net x overall polarization and excess charge on A. The overall charge transfer happens in
approximately 0.3 fs. The charge density was plotted using Blender.75

The enveloped monochromatic laser pulse took the form
2

Ex ðtÞ ¼ k exp½ðt  t0 Þ =2w2  cosðω0 tÞ,
Ey ¼ Ez ¼ 0

ð25Þ

The frequency of the pulse was taken to be ω0 = 0.1296 au = 3.53
eV, and the Gaussian had a half-width of w = 50 au = 1.2 fs. The
maximum ﬁeld strength was κ = 8.0  105 au = 41 mV/nm,
which is within the linear response regime. The ZnP resonance
frequency was determined from a kick-type simulation (see eq 17
in section 3.1) and artiﬁcially broadened. The resulting spectrum
is shown in the bottom inset of Figure 4, with an arrow denoting
the laser pulse frequency. The top inset shows the proﬁle for the
homogeneous x-polarized monochromatic electric ﬁeld pulse
used in this resonant excitation (overall the pulse lasts approximately 7 fs). The middle plot shows the resulting dipole moment
which is essentially monochromatic, and as there is no damping
in the system, the oscillation continues indeﬁnitely.
The six panels in Figure 4 show snapshots of the deviation of
the charge density from the ground state, F(r,t)  F(r,0) during
and after resonant illumination. The snapshots show the positive
7  107 Å3 isosurface, i.e., the smooth surface where F(r,t) 
F(r,0) = 7  107 Å3; the corresponding negative deviation was
omitted for clarity. The top three slices depict the response of the
charge density while being driven by the laser pulse. F(r,t) starts
essentially in the ground state (ﬁrst slice). The second slice
occurs just at the ﬁrst signiﬁcant peak in the dipole moment,
which occurs just after the peak in the driving ﬁeld, as it takes time
for the density to respond. Here, the extra charge density is
beginning to populate the space above and below the carbon
backbone on the þx (right) side of the molecule, which
corresponds to a πfπ* transition. The third slice, which is the
ﬁrst signiﬁcant trough in the total dipole moment, demonstrates
that the charge density now populates the π* orbitals on the x
(left) side of the molecule. The bottom three slices show how the
charge density of the excited ZnP molecule evolves after the
driving ﬁeld has passed. The charge density sloshes along the
delocalized π* orbitals from the right to the left, which takes ∼24
au = 0.6 fs, which is in agreement with the time-resolved dipole
moment (middle inset).
Using RT-TDDFT to directly visualize the electron dynamics
oﬀers insight into the fundamental nature of the excitation, not
just concerning which molecular orbitals are at play but also how
they are being populated in time, and where in space the charge is
concentrated. In Figure 4, not only is the πfπ* transition
obviously visible, but additionally, as expected, there is a clear
buildup of charge at the x end of the molecule during the
oscillations. It is easy to see that bonding a porphyrin to a

substrate will then allow the excited charge density, which has
high momentum, to hop from the end of the molecule to the
surface in an ultrafast injection process; future RT-TDDFT
studies will explore this eﬀect further.
3.4. Long-Range Charge Transfer in DNA Base-Pair Fragments.
As a final example, we demonstrate how long-range corrected functionals can be used in a RT-TDDFT framework to correctly capture
charge transfer excitations. The charge transfer between adenine (A)
and thymine (T) is a classic example where local exchange-correlation
functionals (LDA) and even global hybrids (e.g, B3LYP) underestimate the energy of the AπfTπ* intermolecular transition, to the
point that they incorrectly predict it will be the lowest excitation.50,55
The source of this error is the incorrect asymptotic behavior of the
exchange term, which should go as r121 but goes as 0.2r121
in B3LYP, for example. Recently developed long-range corrected
functionals have shown great promise in addressing this
shortcoming.44,5356,72 These functionals split the exchange into a
short-range part and a long-range piece which converges to the
correct HartreeFock asymptote:
1
1  erf ðμr12 Þ erf ðμr12 Þ
¼
þ
r12
r12
r12

ð26Þ

Here, μ is a tuning parameter for partitioning the exchange, where
μf0 tends to the pure DFT limit and μf¥ tends to the pure
HF limit.
The real-time response of the AT pair (see Figure 2) was
modeling using the 6-31G* basis set and the BNL range
separated functional43 with μ = 0.3. The Coulomb part of the
Fock matrix was computed using charge density ﬁtting with the
Ahlrichs Coulomb ﬁtting basis set.62 The system was excited with
a transient laser pulse tuned to the charge transfer excitation in
the linear response regime: ω0 = 0.234 au = 6.36 eV, w = 30 au =
0.7 fs, and κ = 1.2  104 au = 62 mV/nm (see eq 25). The
resonant frequency was found via kick-type simulation as described previously; it compares well with the value of 6.25 eV
from ref 55 computed using LR-TDDFT with BNL (μ = 0.3) and
the aug-cc-pVTZ basis set.
Figure 5 shows three snapshots of the F(r,t)  F(r,0) = 107
Å3 density deviation isosurface long after the exciting laser pulse
has passed. In the ﬁrst frame (t = 14.2 fs), both molecules are
polarized in the þx direction, and there is shared electron density
in the central N 3 3 3 H bridge. In the second frame (0.1 fs later),
excess charge passes from the thymine molecule through the
NH2 3 3 3 OdC bridge, ﬁnally resulting in a charge buildup on
adenine another 0.1 fs later and a net x polarization for both
molecules. These simulations show that the complete ArT
charge transfer process occurs in approximately 0.3 fs. Note that
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these dynamics are much faster than the experimentally observed
100 fs decay time for this excitation (likely due to internal
conversion to nπ*).73

molecular orbitals. Converting the Fock matrix from the AO
basis to the MO basis is then straightforward:

4. CONCLUSIONS
We have presented Gaussian basis set-based real-time, timedependent density functional theory simulations using
NWChem and have shown that the calculated spectra for a
range of small molecules correctly reduce to the linear response
TDDFT spectra in the small perturbation limit. Going beyond
linear response, we studied the optical response of the green
ﬂuorescent chromophore to a series of perturbations of increasing strength. In the strong perturbation regime, the main
absorption saturates and the higher energy absorption becomes
blue-shifted with increasing ﬁeld strengths; this has implications
for strong ﬁeld studies of molecules and electron transport in
nanosystems. Next, we studied the resonant excitation of the
light-harvesting molecule zinc porphyrin. Direct visualization of
the charge density in time and space shows that the excitation,
which corresponds to a πfπ* transition, induces delocalized
charge oscillations across the carbon backbone, with a buildup of
charge near the ends of the molecule. Real-time, real-space
studies of this kind oﬀer powerful insight into electron dynamics
and are uniquely well-suited to modeling fast electron processes
in a variety of devices, such as photovoltaics. Finally, we
visualized the adenine πfthymine π* transition, which shows
that the charge transfer happens through the oxygenamine
bridge on the order of 0.3 fs. From a computational point of
view, the implementation is massively parallel and is scalable
with system size; as there is no diagonalization, the main burden
is construction of the Fock matrix, which is easily distributed
across many processors. Further improvements to the implementation are planned, which will be presented in future
publications.

Note that F (AO basis) is an N  N matrix, whereas F0 (MO
basis) is a smaller M  M matrix. Converting the density matrix
from the MO to the AO basis is likewise very simple:

’ APPENDIX A: CANONICAL ORTHOGONALIZATION
TRANSFORMS
The real-time TDDFT scheme requires working in both the
atomic orbital (AO) and molecular orbital (MO) representations. The propagation is done entirely in the MO basis via the
von Neumann equation, eq 5, whereas the Fock matrix is built in
the AO basis, eq 6. The time-dependent dipole moment is
computed in the AO basis, eq 20, and the time-dependent orbital
occupations are computed in the MO basis, eq 21. It is therefore
useful to outline how to perform AOTMO transformations.
For a given overlap matrix Sμν = Æφν|φνæ, there may be linear
dependencies in the eigenvectors which necessitates truncating
the number of molecular orbitals using canonical orthogonalization. Although not typically a problem in smaller systems, as the
system size increases or many diﬀuse atomic orbitals are used
(which is necessary to capture diﬀuse excited states), linear
dependencies become unavoidable. The well-known transformation matrix for converting from the AO to a truncated MO
basis is74
X ¼ Us1=2

ð27Þ

where U is the matrix with eigenvectors of S as columns, and s is
the diagonal matrix of eigenvalues of S. If we have N atomic
orbitals and d linear dependencies, X becomes a rectangular
matrix of dimensions N  M, where M = N  d is the number of

F0 ¼ X† FX

P ¼ XP0 X †

ð28Þ

ð29Þ

0

where, as before, P is N  N and P is M  M. It is slightly more
complicated to convert PfP0 , which is necessary when converting the ground state density matrix, which is computed in the AO
basis in an SCF approach, to the MO basis for subsequent von
Neumann propagation. Simple inversion of eq 29 is complicated
by the fact that X is not square and cannot be easily inverted.
The simplest solution is to use left and right inverses. The left
inverse of X is given by
1 †
†
X 1
L ¼ ðX XÞ X

ð30Þ

while the right inverse of X† is given by
1
†
ðX † Þ1
R ¼ XðX XÞ

ð31Þ

We know these inverses exist because all zero (or near zero)
eigenvectors have been removed. From eq 29, we get
† 1
0
X1
L PðX ÞR ¼ P

ð32Þ

P0 ¼ ðX† XÞ1 X† PXðX† XÞ1

ð33Þ

which means

From eq 27, we know
X† ¼ s1=2 U†

ð34Þ

Although U is not strictly unitary (as it is not square), we know
that U†U = Im, and thus (X†X)1 = s. The transformation from
the density matrix in the AO basis to the MO basis then becomes
P0 ¼ sX† PXs

ð35Þ

which in a more compact form is simply
P0 ¼ Y † PY

ð36Þ

where Y  Xs = Us1/2 is an N  M transformation matrix.

’ APPENDIX B: SYMMETRIES IN THE COMPLEX FOCK
MATRIX
In this section, we prove that, for a basis set of purely real
functions, in pure RT-TDDFT (without HartreeFock exchange), the Fock matrix is purely real and symmetric and
depends only on the real part of the complex density matrix. In
the case of hybrid RT-TDDFT, however, the HF exchange term
of the Fock matrix is complex Hermitian and depends on the full
complex density matrix. The derivation presented is similar to
that given in ref 36. For simplicity, we assume a closed shell
system, but the results are identical for an open shell system.
Recall that in hybrid DFT-HF, the elements of the Fock matrix
take the general form
J
K
X-DFT
ðtÞ
Fμν ½PðtÞ ¼ Hcore
μν þ Gμν ðtÞ þ RGμν ðtÞ þ βGμν
C-DFT
þ γGμν
ðtÞ þ V app ðtÞ
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where μ and ν are indexes for the atomic orbitals, Hcore is the timeindependent one-electron part, GJ(t) and GK(t) are the timedependent Coulomb and exchange terms, GX-DFT and GC-DFT
are the DFT exchange and correlation terms, and Vapp(t) is the
potential due to an external perturbation (e.g, electric ﬁeld). In
RT-TDDFT, the Fock matrix F(t) and the density matrix P are in
general complex and Hermitian. We will discuss the symmetries
in eq 37 term by term.
First, we note that the applied potential Vapp(t) is independent of
the density matrix, and for all physical potentials, it is purely real. This
is not true in the case of nonphysical potentials such as complex
absorbing boundary conditions, but in such situations, the Fock
matrix ceases to be Hermitian and the total system charge is not
conserved in time, which requires a careful reformulation of TDDFT.
The time-independent one-electron part Hcore includes
kinetic and electronnuclear terms
eN
Hcore
μν ¼ Tμν þ V μν

Swapping the indices of summation for the third term gives

þ

∑σ σ∑> λ PσλðtÞðμνjλσÞ

GJμν ðtÞ ¼

∑ ½Pλσ ðtÞ þ PσλðtÞðμνjσλÞ þ ∑λ Pλλ ðtÞðμνjλλÞ

σ<λ

ð48Þ
The real part is
Re½GJμν ðtÞ ¼



Z

∑

∑ fRe½Pλσ ðtÞ þ Re½PσλðtÞgðμνjσλÞ

σ<λ

∑λ Re½Pλλ ðtÞðμνjλλÞ

þ
ð39Þ

where {φ(r)} are the atomic orbitals which we henceforth assume
are real. Since this expression is independent of the density matrix,
and the integrals in eq 39 are symmetric with respect to the exchange
of μ and ν, the core term is pure real and symmetric.
Next, in adiabatic RT-TDDFT, the DFT exchange and
correlation terms are all functionals uniquely determined by
the instantaneous charge density (and possibly its gradients):

ð47Þ

and using the symmetry of the two-electron integrals (eq 45), the
Coulomb matrix elements become

ð38Þ


1 2
¼
dr1 φμ ðr1 Þ  r1 φν ðr1 Þ
2
"
#
Z
ZA
þ dr1 φν ðr1 Þ 
φν ðr1 Þ
A jr1  R A j

∑λ σ∑< λ Pλσ ðtÞðμνjσλÞ þ ∑λ Pλλ ðtÞðμνjλλÞ

GJμν ðtÞ ¼

ð49Þ

but since P is Hermitian, the real part is symmetric, which gives
Re½GJμν ðtÞ ¼ 2

∑ Re½Pλσ ðtÞðμνjσλÞ þ ∑λ Re½PλλðtÞðμνjλλÞ

σ<λ

ð50Þ
Equation 50 is symmetric to the exchange of μ and ν; thus
Re[GJμν(t)] = Re[GJνμ(t)], and the real part of the Coulomb term
is symmetric. The imaginary part is

X-DFT
¼ GX-DFT
½Fðr, tÞ
Gμν
μν

ð40Þ

C-DFT
C-DFT
ðtÞ ¼ Gμν
½Fðr, tÞ
Gμν

ð41Þ

∑ ImfPλσ ðtÞ þ Im½PσλðtÞgðμνjσλÞ
ð51Þ
þ ∑ Im½Pλλ ðtÞðμνjλλÞ
λ

The charge density F(r,t) is dependent only on the real part of
the density matrix

but here due to Hermicity the imaginary part of the density
matrix is antisymmetric with on-diagonal elements of zero;
thus

Fðr, tÞ ¼

∑μ ∑ν Re½Pμν ðtÞφμ ðtÞφν ðrÞ

ð42Þ

and therefore the DFT XC terms are both real and symmetric and
depend only on the real part of Pμν(t).
The Coulomb term takes the form
GJμν ðtÞ ¼

∑λσ Pλσ ðtÞðμνjσλÞ

Im½GJμν ðtÞ ¼

ð45Þ

The double sum in eq 43 can be split into three parts
GJμν ðtÞ ¼

ð52Þ

Im½Pλλ ðtÞ ¼ 0

ð53Þ

Im½GJμν ðtÞ ¼ 0

ð54Þ

Thus, the Coulomb term is a real-valued symmetric matrix which
only depends on the real part of the complex density matrix.
A similar analysis can be done for the exchange matrix,
GKμν ðtÞ ¼

Note that since the basis functions are real, these two-electron
integrals are symmetric to permutation of λ and σ:
ðμνjσλÞ ¼ ðμνjλσÞ ¼ ðνμjλσÞ ¼ ðνμjσλÞ

Im½Pλσ ðtÞ þ Im½Pσλ ðtÞ ¼ 0

and the imaginary part of the Coulomb matrix vanishes

ð43Þ

where (μν|σλ) are the standard two-electron integrals
Z
1
ðμνjσλÞ 
φμ ðr1 Þ φν ðr1 Þ φσ ðr2 Þ φλ ðr2 Þ dr1 dr2 ð44Þ
r12

σ<λ

∑λσ Pλσ ðtÞðμλjσνÞ

ð55Þ

(note the diﬀerent two electron integrals from Coulomb part),
which after expanding into three terms and swapping summation
in the third term gives

∑λ σ∑< λ Pλσ ðtÞðμνjσλÞ þ ∑λ Pλλ ðtÞðμνjλλÞ
þ ∑ ∑ Pλσ ðtÞðμνjσλÞ
ð46Þ
λ σ>λ

GKμν ðtÞ ¼

1353

∑λ σ∑< λ Pλσ ðtÞðμλjσνÞ þ ∑λ Pλλ ðtÞðμλjσνÞ
ð56Þ
þ ∑ ∑ Pσλ ðtÞðμλjσνÞ
σ σ<λ

dx.doi.org/10.1021/ct200137z |J. Chem. Theory Comput. 2011, 7, 1344–1355

Journal of Chemical Theory and Computation

ARTICLE

The real part is

∑

Re½GKμν ðtÞ ¼

σ<λ

þ

Re½Pλσ ðtÞðμλjσνÞ þ

∑

σ<λ

¼

∑λ Re½Pλλ ðtÞðμλjλνÞ

Re½Pσλ ðtÞðμσjλνÞ

ð57Þ

∑

Re½Pλσ ðtÞðμλjσνÞ þ ðμσjλνÞ

þ

∑λ Re½Pλλ ðtÞðμλjλνÞ

σ<λ

ð58Þ

To check the symmetry, we switch the μ and ν indices
Re½GKνμ ðtÞ ¼

∑ Re½Pλσ ðtÞðνλjσμÞ þ ðνσjλμÞ þ ∑λ Re½Pλλ ðtÞðνλjλμÞ

σ<λ

ð59Þ
Permuting the two electron integrals (eq 45) gives
Re½GKνμ ðtÞ ¼

∑ Re½Pλσ ðtÞðμσjλνÞ þ ðμλjσνÞ þ ∑λ Re½Pλλ ðtÞðμλjλνÞ

σ<λ

ð60Þ
¼ Re½GKνμ ðtÞ

ð61Þ

thus the real part of the exchange term is symmetric. The
imaginary part is (c.f. eq 57)
Im½GKμν ðtÞ ¼

∑

σ<λ

þ

Im½Pλσ ðtÞðμλjσνÞ þ

∑ Im½Pσλ ðtÞðμσjλνÞ

∑λ Im½Pλλ ðtÞðμλjλνÞ
ð62Þ

σ<λ

and since P(t) is Hermitian, the imaginary part is antisymmetric
and has zeros on the on-diagonal. Therefore
Im½GKμν ðtÞ ¼

∑ Im½Pλσ ðtÞ½ðμλjσνÞ  ðμσjλνÞ

ð63Þ

σ<λ

As before, we examine the symmetry by swapping μ and ν
Im½GKνμ ðtÞ ¼
¼

∑ Im½Pλσ ðtÞ½ðνλjσμÞ  ðνσjλμÞ

ð64Þ

∑ Im½Pλσ ðtÞ½ðμσjλνÞ  ðμλjσνÞ

ð65Þ

σ<λ

σ<λ

¼  Im½GKμν ðtÞ

ð66Þ

where again we used the permutation of the two-electron
integrals. Therefore, the exchange term is complex, Hermitian,
and depends on the full complex density matrix.
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